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The air/water interface was simulated and the mode amplitudes and their ratios of the effective
nonlinear sum-frequency generation (SFG) susceptibilities (Aeff’s) were calculated for the
ssp, ppp, and sps polarization combinations and compared with experiments. By designating
‘‘surface-sensitive’’ free OH bonds on the water surface, many aspects of the SFG measurements
were calculated and compared with those inferred from experiment. We calculate an average tilt
angle close to the SFG observed value of 35, an average surface density of free OH bonds close
to the experimental value of about 2.8  1018 m2, computed ratios of Aeff’s that are very similar
to those from the SFG experiment, and their absolute values that are in reasonable agreement
with experiment. A one-parameter model was used to calculate these properties. The method
utilizes results available from independent IR and Raman experiments to obtain some of the
needed quantities, rather than calculating them ab initio. The present results provide microscopic
information on water structure useful to applications such as in our recent theory of on-water
heterogeneous catalysis.
Introduction
The hydrogen (H) bonded structure of water at the air/water
interface1–5 is of fundamental interest because it determines
the properties of aqueous interfaces and their reactivity.
Certain atmospheric reactions,6 such as those involved in
ozone depletion, are known to be catalyzed by the ice surface
on cloud particles. Study of the air/water interface is also
important for understanding more complicated organic/water
interfaces5 that have recently begun to attract interest for its
potential for rate acceleration7 of organic reactions and green
chemistry in emulsions. For example, interest in catalytic
effects of dangling OH’s has also been extended to their role
in catalysis of different organic reactions by metal oxides
enriched in surface OH groups.8
The first molecular structure of water at the air/water interface
using the surface-specific vibrational sum-frequency generation
(SFG) technique was reported by Du et al.9 in 1993.1,10 In that
work, using the ‘‘titration’’ of dangling OH groups with methanol
and hence the complete suppression of the peak of the free OH
SFG signal, it was found that about 25% of surface water
molecules have one dangling OH bond that is not H-bonded to
other water molecules. It is thereby free, and protrudes out of the
water phase, confirming earlier predictions from computations.11
Roughly the same picture of the existence of the free OH bonds at
the interface has since been consistently observed in SFG experi-
ments by Richmond,5 Eisenthal,12 Allen,13 and Gan et al.,14 and
also in computer simulations.3,15–19 The structure of water at the
hydrophobic organic/water interfaces was shown to be similar to
that at the air/water interface.9,20,21 In the process of under-
standing the air/water interface, different interpretations were
also made in terms of details of the air/water interface using both
experiments and computations.1,22–24 Although previous work
has made significant progress toward explaining the observed
SFG spectra using theory and simulation,5,16,25–27 a complete
picture of how rapid motion averages out the SFG has not been
presented. In the present article, we make a quantitative com-
parison between multiple experimental observables, going beyond
the comparison of ratios. In addition, by utilizing independent
experimental results, coupled with molecular dynamics simulation
of the air/water interface, the present work has as a goal a better
understanding of motional averaging in SFG. This study was
prompted by the recent ‘‘on-water’’ catalysis experiments7 and
our interpretation in terms of the role of dangling OH groups at
the water–oil emulsion interface.28
The orientation of free OH bonds at the air/water interface
has been deduced from several SFG experiments to be nearly
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perpendicular to the surface plane.9,14,29 An SFG interpretation29
assumed a step-like distribution for the tilt angles (yOH)
between the free OH bonds and the surface normal, suggesting
them to be in the interval 01r yOHr 511, yielding an average
tilt angle hyOHi E 351. A more recent SFG experiment14
yielded a similar average tilt angle, hyOHiE 301, with a narrow
distribution width ofr151, assuming a Gaussian distribution
model. In contrast to these distributions and average orienta-
tions of free OH bonds, however, previous molecular dynamics
simulations3,15–18,30 with various water models consistently
predicted widths of the orientational distribution much broader
than those assumed in the previous interpretations of
SFG experiments.1,9,14,29 We address this discrepancy by con-
sidering the nature of free OH bonds on the surface, and, in a
procedure detailed below, selectively removing those that
would likely not contribute to the SFG, allowing a direct
comparison between our calculations and experimental
measurements.
Methods
The theoretical treatment we use in this paper to calculate
the effective SFG nonlinear susceptibilities originated from the
one previously developed in the literature9,29 to extract the
orientation information of interfacial molecules from SFG
experiments. Previous reviews have provided details of the
treatment.31,32 Here, we summarize the assumptions and key
expressions, for completeness, and implement the expressions
to obtain the forms that are suitable for numerical calculations
of the mode amplitudes by explicit integrals, rather than the
more simplified fast and slow approximations.29
The SFG signal is proportional to the square of the effective
nonlinear susceptibility, w(2)eff(o), which is a sum of resonant,
w(2)R,eff(o), and nonresonant, w
(2)
NR,eff(o), contributions:
1,10
wð2Þeff ðoÞ ¼ wð2ÞNR;eff þ wð2ÞR;eff ¼ wð2ÞNR;eff þ
X
q
Aq;eff
o oq þ iGq ð1Þ
where o is the incident infrared frequency, oq is the qth
vibrational frequency, Aq,eff is the mode amplitude, and Gq is
the damping constant for the qth molecular vibrational mode.
The sum-frequency spectra are obtained by scanning the IR
frequencies that probe the vibrational normal modes, using
the IR-visible SFG method. The susceptibility originates at the
air/water interface, caused by the symmetry breaking at the
boundary. The bulk of the fluid has inversion symmetry and so
does not contribute to techniques generating second-order
nonlinear polarization.
SFG is approximated to be dipolar in origin, and we neglect
any quadrupolar contribution that could emanate from the
bulk.9 In this paper we focus on the free OH stretching mode
of water molecules at the air/water interface, oq = 3698 cm
1.
This stretching frequency corresponds to the water con-
figuration where one OH bond is free while the other OH
bond of the same parent water molecule is still H-bonded to
neighboring water molecules (so-called ‘‘single-donor’’ config-
uration). The spectra for the ssp, ppp, and sps combinations of
polarization, labeled in the order of the sum frequency output,
visible input, and infrared input fields, are obtained in SFG
experiments.
The Aeff’s in eqn (1) can be related to the intrinsic tensor
components via the Fresnel factors, i.e. via the macroscopic
local field corrections, Lii,
31
Aeff(ssp) = Lyy(os)Lyy(o1)Lzz(o2)sin b2Ayyz
Aeff(ppp) = Lxx(os)Lxx(o1)Lzz(o2)cos bs cos b1 sin b2Ayyz
 Lxx(os)Lzz(o1)Lxx(o2)cos bs sin b1 cos b2Ayzy
+ Lzz(os)Lxx(o1)Lxx(o2)sin bs cos b1 cos b2Azyy
+ Lzz(os)Lzz(o1)Lzz(o2)sin bs sin b1 sin b2Azzz
Aeff(sps) = Lyy(os)Lzz(o1)Lyy(o2)sin b1Ayzy (2)
where bS, b1, and b2 are the reflected or incident angles of sum
frequency output, visible input, and infrared input, respectively.
For an azimuthally isotropic air/water interface and assuming
the visible frequency (o1) and the sum frequency (oS) are
far removed from the electronic resonances, there are only
three independent nonvanishing components, Axxz = Ayyz,
Axzx = Ayzy = Azxx = Azyy, and Azzz.
31 The o2 is the infrared
input light source and the Lii’s are defined in terms of the
frequency-dependent effective dielectric constant of the inter-
facial layer, e(o), an air/water interface in our case. For the
air/water interface, e(oS) = e(o1) = 1.31 and e(o2) = 1.2 were
estimated29 from a 3-layer model. The numerical values of all
these variables can be found in Table 1 of ref. 29. The Aijk’s are
intrinsic (macroscopic) properties of the interface, whereas the
experimental observables, Aeff’s, are affected by the frequency-
dependent dielectric response of the interface medium as
described above and by the experimental conditions. Therefore,
using eqn (2), we use the above e’s to obtain Aeff’s from the
calculated Aijk’s.
The Aijk’s in eqn (2) are the resonant components of macro-
scopic susceptibility tensor, and can be represented at a molecular
level as an ensemble average of the molecular hyperpolarizability
in the body fixed frame, bq,lmn (corresponding to the hyper-
polarizability Aq of Du et al.
9), of the interfacial water molecules
in the lab frame (denoted by ijk), where q corresponds to the IR
resonant mode of the free OH bond. The derivation begins with
the Fourier-Laplace transform of the classical SFG response
function: related references are26,29,33–36
AijkR (o2  oq + iGq)w(2)R,ijk
= (o2  oq + iGq)(kBT)1

R1
0
eio2thaij(0)mk(t)idt, (3)
Table 1 Average number of free OH, hnOHi, and average orientation
angle, hyOHi, of free surface OH bonds calculated from three MD
simulations with different snapshot time intervals
Snapshot interval hnOHi hyOHi
1 fs 26 381
10 fs 26 381
100 fs 26 381
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where aij is the instantaneous polarizability tensor of the entire
surface, and mk is the instantaneous dipole moment vector of
the surface. Eqn (3) can be expanded as
Aijk ¼  ðo2  oq þ iGqÞ
X
lmn
ðkBTÞ1almmn

Z 1
0
dteio2t
XNOHð0Þ
n
XNOHðtÞ
m
Dnilð0ÞDnjmð0ÞDmknðtÞ
* +
ð4Þ
where the sum of l, m, or n is over uˆ, vˆ, or wˆ, the basis of the
body-fixed molecular reference frame. Similarly, i = xˆ, yˆ, zˆ,
the laboratory frame basis, and the same for j and k. The sum
includes the nth and mth free surface OH bonds at times 0
and t, respectively. At time t there are NOH(t) free OH bonds.
Dnil, D
n
jm, and D
m
kn are the time-dependent direction cosine
matrix elements for the nth and mth free surface OH bonds,
defined as Dxu = xˆuˆ. Eqn (4) is a generalization of equations
inWei and Shen, and it can be shown to reduce to corresponding
approximations of slow and fast orientational dynamics.
Given this, however, eqn (4) also explicitly incorporates spatial
correlations between water molecules, unlike those in Wei and
Shen, which use a mean-field approximation.
Comparison with the experimental results of Wei and Shen
requires calculating the absolute value of the Aeff’s. After
substituting in the hyperpolarizability, we then calculate the
quantities:
ReAijk ¼ Gq
X
lmn
bq;lmn
Z 1
0
dt cosðoqtÞ

XNOHð0Þ
n
XNOHðtÞ
m
Dnilð0ÞDnjmð0ÞDmknðtÞ
* +
;
ImAijk ¼ Gq
X
lmn
bq;lmn
Z 1
0
dt sinðoqtÞ

XNOHð0Þ
n
XNOHðtÞ
m
Dnilð0ÞDnjmð0ÞDmknðtÞ
* +
:
ð5Þ
We approximate the hyperpolarizability of H2O at o2 = oq=
3698 cm1 by the ‘‘bond hyperpolarizability’’ of the free
OH bond with cylindrical symmetry. This assumption simplifies
eqn (5) by converting it to a form that can be evaluated
without the knowledge of molecular hyperpolarizability of
all individual water molecules in different environments. Under
this assumption, bq,lmn has only two nonvanishing components,
b>,>,J and bJ,J,J, where J and > denote the body-fixed axes
along and perpendicular to the free OH bond direction,
respectively: bJR bJ,J,J = bwww = 2.88  1027 m4 V1 s
and b> R b>,>,J = buuw = bvvw = 0.32bJ, which were
obtained from Raman and IR measurements.9 Therefore, the
sum over (l,m,n) only has three non-vanishing combinations:
(uˆ,uˆ,wˆ), (vˆ,vˆ,wˆ), (wˆ,wˆ,wˆ).
The time-dependent direction cosine matrix is Dlx = lˆx^(t),
with lˆ= (xˆ,yˆ,zˆ) the fixed lab coordinates and x^(t) = (uˆ,vˆ,wˆ) the
time-dependent molecular coordinates of the free OH bond.
The water surface normal is along the z-axis of the laboratory
coordinates, and the free OH bond forms an angle y(t) with
the surface normal at time t, where y(t) lies in the interval [0,p],
and an angle f(t) in the interval [0,2p] with respect to xˆ in the
xˆ,yˆ plane. Then the expression of the molecular coordinates in
the laboratory coordinates is
uˆ = cos f cos yxˆ + sin f cos yyˆ  sin yzˆ
vˆ = sin f cos yxˆ + cos f cos yyˆ
wˆ = cos f sin yxˆ + sin f sin yyˆ + cos yzˆ (6)
To evaluate the error introduced by finite simulation snapshot
time interval, three MD simulations with different snapshot time
intervals were used for the calculations, as described below.
In the MD simulations, 1264 water molecules were placed in
a rectangular box of dimension 30  30  70 A˚3, where the
water section is sandwiched between two sections of vapor
along the z-direction. Periodic boundary conditions were used
in all directions, but in the z-direction, we sandwiched the
water slab with two slabs of vacuum. Water molecules were
modeled by the DL_POLY 2 program37 as rigid and non-
polarizable, using the TIP3P potential commonly used for
molecular mechanics.38 The Nose´-Hoover thermostat39,40 was
used to perform the constantNVTMD simulations at T=298K
and the SHAKE algorithm41 was used to constrain the degrees
of freedom of rigid water molecules. The time step for integrating
Newton’s equations is always 1 fs, but it is unnecessary to record
the results of each step. Instead, we recorded the instantaneous
orientation of all free OH bonds in discrete snapshots, evolving the
simulation between snapshots without recording the individual
steps. In this work, we saved all of the configurations for the
snapshot time interval of 1 fs, and every 10 configurations for a
time interval of 10 fs, and every 100 configurations for 100 fs.
After adequate equilibration of a random initial configuration,
simulated with a time step of 1 fs, three individual simulations
each with a different snapshot time interval of either 1 fs, 10 fs, or
100 fs were performed. In the three cases, to generate a total of
40000 configurations, the total simulation time was 40 ps, 400 ps,
and 4 ns, respectively. The correlation functions were calculated
using a time average,
hað0ÞmðtÞi ¼ 1
T  t
XTt
dt¼0
aðdtÞmðtþ dtÞ;
where T is the length of the simulation and dt is the offset
time.
For sampled configurations of the water/vacuum interface,
it is essential to select only the free OH bonds on the water
surface that respond to the laser beams in real SFG experi-
ments. Only the free OH bonds at the surface will break the
inversion symmetry necessary for an SFG signal. Previous
simulation studies3,15–18 identified surface free OH bonds as
those positioned above a certain cutoff in the z-direction.
However, as can be seen in Fig. 1, the water surface in the
model fluctuates appreciably, and an arbitrary cutoff unavoidably
includes the OH bonds in the bulk. Although isotropy due
to random orientation of the free OH bond in the bulk will
provide a natural surface selection effect, the local field
corrections relevant to calculating Aeff’s only apply to the free
OH bonds directly on the surface.43 The correct selection
procedure would be to select only those free OH bonds that
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are both on the surface and those that do not contribute to
bulk inversion symmetry. This aspect led us to exclude surface
free OH bonds oriented towards the bulk and keep those
oriented toward the vapor. Two experimental quantities, the
surface density of free OH bonds,44 Ns = 2.8  1018 m2, and
their average tilt angle9,14,29 of about 351, guided us in deter-
mining free surface OH bonds that affect the SFG results. In
this study, the following three criteria were combined to select
the free surface OH bonds which lead to agreement with the
above two experimental quantities. First, an OH bond is
considered on the surface if no oxygen atoms are inside the
open cylindrical space above the hydrogen atom with a radius
of 1.5 Angstrom (roughly the length of an O–H bond).
Second, the OH bond is not H-bonded with any oxygen
atoms. An OH bond is considered H-bonded with another
oxygen atom if the inter-oxygen distance is less than 3.5 A˚
(first coordination shell) and simultaneously the O–H  O
angle is less than 301 (approximate librational wagging
amplitude of the H-bonds).45 Because of approximations in
the dielectric model, some free OH bonds may be inappropriately
included. If the bond is oriented with a large angle to the
surface normal, in reality it would have a high probability to
be effectively canceled out by another OH bond pointing in the
opposite direction. Our selection method must produce an
orientation ensemble that reflects this potential inversion
symmetry. To address this feature, we used a single free
parameter in the calculations, a free OH cutoff angle. Bonds
with yOH greater than the cutoff angle were not included in the
calculations. In Table 3 the effect of choosing alternative cutoff
angles is summarized. A cutoff of 601 simultaneously reproduced
best all experimental observables. The free surface OH bonds
selected with the above three criteria yield the surface density
of free OH bonds and their average angle very close to
experimental values, as shown in Table 1 and Table 3, and a
similar remark applies to the susceptibilities.
A snapshot of the free surface OH bonds is shown in Fig. 2.
Clearly, the free surface OH bonds in the model are sparse and
their oxygen atoms do not form a uniform monolayer. The
distribution of the cosine function of the tilt angle y with
respect to the surface normal is plotted in Fig. 3. As expected,
the three snapshot intervals do not yield a large difference in
the cosine distribution, because of the equilibrating prior to
the simulation. Because a cutoff of 601 was applied to the tilt
angle, cos yOH cannot be smaller than 0.5, as shown in Fig. 3.
The plurality of free OH bonds is oriented along the surface
normal.
With the surface free OH bonds determined, the experimental
observable mode amplitudes were calculated using eqn (1)–(6).
Using the damping constant Gq/(2pc) = 14.5 cm
1 and
normalizing by the simulation surface area,6,29 the data so
obtained are compared with the experimental values29 and
listed in Table 2. All ratios of the calculated mode amplitudes
are nearly within the measured error of the experimental ratios
Aeff(ssp) :Aeff(ppp) :Aeff(sps) = 1 : 0.28  0.04 : 0.05  0.02.
Fig. 1 Snapshot of the simulated water/vacuum interfaces. Black
spheres (red, online) represent oxygen atoms, and white ones represent
hydrogen atoms.
Fig. 2 Snapshot of the chosen free surface OH bonds. Black spheres
(red, online) represent oxygen atoms and the vectors point from oxygen
atoms to the bound hydrogen atoms. The vectors are elongated for
clearer illustration.
Fig. 3 Probability density of the cosine of the tilt angle with respect
to the surface normal, using a cutoff angle of 601. The three MD
simulations with different snapshot intervals of 1, 10, and 100 fs,
respectively, result in very similar cosine distributions.
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The largest amplitudes in Table 3, the Aeff(ssp) and Aeff(ppp),
correspond to the incident IR laser being p-polarized. In
p-polarization, the electric field vector is parallel to the plane
of incidence and therefore probes free OH’s that are nearer to
the surface normal, and these free OH’s are those with the most
orientational anisotropy. The Aeff(ssp) is about three times
larger than the Aeff(ppp), perhaps reflecting the factor of three
difference between bJ and b>. The Aeff(sps) is smaller than the
other two, presumably because with the incident s-polarization,
the IR tends to probe free OH’s that are closer to being flat on
the surface.
Results and discussion
The detailed information of the microscopic structure
and dynamics of water/vacuum interface provided by the
computer simulations provide some insight into the physical
meaning of the three experimental observable mode amplitudes,
the average orientation, and free OH bond surface density.
Our results, shown in Table 2, achieve good agreement with
observed ratios, and they are also within an order of magnitude
of experimentally measured results. Because the 1 fs snapshot
interval led to a total integration time of 40 ps, which may be
too short to adequately generate statistics (others have
used multiple nanoseconds42), those results would expectedly
differ from the longer simulation times. Although Wei
and Shen obtained agreement in the calculated ratios of
Aeff(ssp) :Aeff(ppp) by assuming the rotational dynamics of
yOH are very fast compared to the vibrational lifetime, they
arrived at precisely Aeff(sps) = 0.
29 Our calculations produce a
small but non-zero Aeff(sps), which we plan to investigate
more fully comparing the slow approximation limit of the
present equations. We will determine this further in future
calculations. Although Gan et al.14 suggest the free OH bonds
rarely orient perpendicularly to the surface, their results
assumed the distribution of angles to be Gaussian, with a
width of about 15 degrees, instead of using a distribution
similar to the one calculated in Fig. 3. By calculating the
distribution of the bonds and employing a cutoff, we obtain
good agreement in the ratio of effective susceptibilities. We
also show that not all free OH bonds are necessarily SFG
active, and this may be a source of discrepancy between
theoretical measurements of bond orientations and the narrower
results from experiments.14 As expected, Aeff(ssp) is the largest
component because it represents the IR laser coupling directly
to the component of the free OH bond oriented perpendicularly
to the surface, the orientation with the largest anisotropy.
Future work will reveal more information when we extend the
overall results and compare them with the slow and fast
approximations of the present equations.
Based on the present MD simulations of the air/water
interface with the TIP3P empirical water model, the amplitudes
and their ratios of the effective nonlinear susceptibilities
(Aeff’s) were calculated for different polarization combinations
and compared with sum-frequency generation (SFG) experi-
ments. Free surface OH bonds are selected as the OH bonds
(1) which are not hydrogen-bonded to other oxygen atoms;
(2) whose title angles with respect to the surface normal
are smaller than 601; and (3) no oxygen atoms are above the
hydrogen atom. With this definition of free surface OH bonds,
the calculated average surface density and average tilt angle
closely match the experimental values. The calculated absolute
values of the experimental observable mode amplitudes differ,
while the ratios are relatively similar. The water model
presented here was utilized to capture the dynamic orienta-
tional distribution of surface free OH bonds. Although the
present water model, TIP3P, may be satisfactory for predicting
dangling surface OH bonds, there are indications from
unpublished work that it predicts too many dangling OHs in
bulk water, compared with experiments for non-bonded OH
bonds. Measurements of non-bonded OHs in bulk water have
been reported by Eaves et al.46 For studies of bulk reaction
dynamics, an alternative to the TIP3P model should be
explored. We are investigating how the SPC/E model,47 which
has been used for bulk water structure, will alter the calculated
susceptibilities. Due to the SPC/E model being better at
predicting bulk water properties, we expect the enhanced
correlation to bring the susceptibilities even closer to experi-
mental results. We have not considered the effects of capillary
fluctuations on the calculated effective susceptibilities, and
this will be investigated in a future publication on SFG. In
addition, future simulations calculating ensemble averages of
Table 2 Mode amplitudes and their ratios calculated from MD simulations and comparison with the experimental values. Aeff has units
109 m2 V1 s
Mode amplitudes 1 fs 10 fs 100 fs Experimental
Aeff(ssp) 0.17 0.35 3.5 1.7
Aeff(ppp) 0.05 0.11 1.0 0.48
Aeff(sps) 0.002 0.01 0.3 0.09
Aeff(ssp) :Aeff(ppp) :Aeff(sps) 1 : 0.30 : 0.01 1 : 0.32 : 0.03 1 : 0.30 : 0.08 1 : 0.280.04 : 0.050.02
Table 3 Simulation results depend on free OH cutoff angle, calculating based on the data with the snapshot interval of 1 fs. A cutoff of
601 produces experimental results for a number of free OH, hnOHi, average orientation angle, hyOHi, and effective susceptibilities. Aeff has units
109 m2 V1 s
Cutoff angle hnOHi hyOHi Aeff(ssp) :Aeff(ppp) :Aeff(sps)
451 16 291 0.07 : 0.035 : 0.001 (1 : 0.52 : 0.02)
601 26 381 0.17 : 0.05 : 0.002 (1 : 0.30 : 0.01)
901 46 541 0.40 : 0.005 : 0.004 (1 : 0.01 : 0.001)
Experiment29 25 351 1.7 : 0.48 : 0.09 (1 : 0.28  0.04 : 0.05  0.02)
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correlation functions, instead of effective time averages,
may reduce artifacts leading to variations in the calculated
susceptibilities between snapshot lengths. This simulation
study adds to the theoretical insight into the microscopic
structure of the vacuum/water interface, and the present
results provide useful information in supporting the recent
theory of on-water heterogeneous catalysis.28
Conclusion
In the present paper, in summary, we have formulated the SFG
equations in a form where molecular dynamics (MD) calculated
quantities can be directly compared with hyperpolarizability
(polarizability-dipole) coefficients, Aeff, extracted from the
experimental data for different types of polarization combina-
tions of the infrared, visible, and reflected light. Preliminary
MD results were obtained and the extracted information
compared with the experimental data, both in the comparison
of ratios of Aeff’s and also for comparison with their absolute
values. The SFG results were interpreted in terms of physical
concepts, for use in exploring other issues and with additional
water models. Data from independent sources, infrared and
Raman experiments, has been used, in conjunction with SFG
theory, to calculate the SFG susceptibility coefficients. In this
way, the overall SFG problem was divided into two parts,
rather than calculating ab initio the quantum mechanical
values of the dipole moment and polarizability derivative.
They, in practice, can be computed separately or, as above,
evaluated from independent experimental data.
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